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Abstract 

One of the best known results in spectral graph theory is the following lower bound 
on the chromatic number due to Alan Hoffman, where and \i n are respectively the 
maximum and minimum eigenvalues of the adjacency matrix: x ^ 1 + Ml/ — Mn- 

Liliya Kolotilina has demonstrated that — [x n in this bound can be replaced with 
either of two formulae, which involve maximum and minimum eigenvalues of the adja- 
cency, Laplacian and signless Laplacian matrices. 

In this paper we use majorization to generalize Kolotilina's bounds, by encom- 
passing all eigenvalues of all three matrices. We compare the performance of these 
bounds for named and random graphs and derive several known bounds as corollaries 
of Kolotilina's bounds. 

Our proof relies on a technique of converting the adjacency matrix into the zero 
matrix by conjugating with % diagonal unitary matrices. We also prove that the min- 
imum number of diagonal unitary matrices that can be used to convert the adjacency 
matrix into the zero matrix is the normalized orthogonal rank, which can be strictly 
less than the chromatic number. 

1 Introduction 



Let G be a graph with n vertices, m edges, chromatic number x an d adjacency matrix A. 
Let D be the diagonal matrix of vertex degrees. Let L = D — A denote the Laplacian of G 
and Q = D + A denote the signless Laplacian of G. 

The eigenvalues of A are denoted by fix > . . . > /i n ; of L by 6i > . . . > 6 n = 0; of Q by 
8\ > . . . > S n > 0. It is known that for all graphs Si > 2/ij holds for i = 1, . . . ,n. 
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In 1970 Hoffman [9J proved that: 



x>i + rV (!) 

\^n\ 



In 2007 Nikiforov [12] modified Hoffman's bound with the following hybrid bound involv- 
ing the maximal eigenvalues of the adjacency matrix and the Laplacian matrix: 

^ 1+ ^V- (2) 

#1 — /il 

In 2011 Kolotilina [lOj improved Nikiforov's bound with the following hybrid bound 
involving the maximal eigenvalues of the adjacency matrix, the Laplacian and the signless 
Laplacian: 

Hi - di + L 

This bound is never worse than Nikiforov's bound. 
Kolotilina also proved the following bound: 

Hi — n + V n 

Observe that we include 9 n = on purpose to emphasize that our new bounds naturally 
extend this bound. 

We generalize Kolotilina's bounds by including all eigenvalues of the three matrices. Our 
proof relies on techniques from majorization theory and provides an alternative and more 
intuitive proof of the special cases established by Kolotilina. 

Theorem 1.1. The chromatic number is bounded from below by 

Em 

Em 
v ^ , .4 (Q) 

2-ii=l\ri ~~ °n+l-i + Vn+l-i) 

for all m = 1, . . . , n. 

Remark 1.2. In 2011 Lima, Oliveira, Abreu and Nikiforov HI] / proved that 



— 2m — n5 n 

We provide a new and simpler proof of this result in Section 3 below. Observe that since 
Hi > 2m/ n, bound (Rl) follows immediately from this result. 
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2 Mathematical tools 



2.1 Majorization of spectra of self-adjoint matrices 

We recall some basic definitions and results in majorization. We refer the reader to [TJ 
Chapters II and III]. Let x = (xi, . . . , x n ) be an element of W 1 . Let x^ be the vector obtained 
by rearranging the coordinates of x in the non- increasing order. Thus, if 
then x\ > . . . > x^. 

Let 1,1/6 R n . We say that x is majorized by y, in symbols x -< y, if 

m m 

i=i i=i 

for m = 1, . . . , n — 1 and 

n n 

E x t = E^-- 

i=l i=l 

Let X be an arbitrary self-adjoint matrix of size n with complex entries and X^(X) denote 
the vector in M. n whose coordinates are the eigenvalues of X sorted in non-increasing order. 
We refer to X^(X) as the spectrum of X. 

The statement of the following lemma is presented in [lj Problem 1.6.15]: 

Lemma 2.1. Let X be a self-adjoint matrix of size n with complex entries. For all m = 
1, . . . , n, we have 



m m 

= maxJ2 v l Xv ^ ( 9 ) 

i=l i=l 
m m 

^Ai +1 _,(X) = minJ2^M, (10) 

i=l i=l 



where the maximum and minimum are taken over all choices of m orthonormal (row) vectors 
v\, . . . ,v m in C™. The first statement is referred to as the Ky Fan's Maximum Principle. It 
is also formulated in |H Exercise II. 1.13]. 

Lemma 2.2. Let X and Y be two arbitrary self-adjoint matrices of size n. Form — 1, . . . , n, 
the sum of the m largest eigenvalues of X + Y is bounded from below and above by: 

mm m mm 

E A tw + E X i + UY) < E A t( x + Y ) < E A tw + E A t( y ) ( n ) 

i=l i=l i=l i=l i=l 

Let U and V be two arbitrary self-adjoint matrices of size n. For m — 1, . . . , n, the sum of 
the m smallest eigenvalues of U + V is bounded from above and below by: 

m m m mm 

E xj(u) + e ^i+i-iiv) > E A i+i-^ + v) > E x i + i-i( u ) + E A t + i-(^) ( 12 ) 

i=l i=l i=l i=l i=l 
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Proof. The right hand inequality in (ITT]) follows from [TJ Corollary III. 4. 2], which shows that 

X l (X + Y) -< X^X) + X l {Y). (13) 

The right hand inequality in (11 ip is also equivalent to the claim made in pQ Exercise II. 1.14]. 

To establish the left hand inequality in (JTTJ, we choose the orthonormal vectors V\, . . . , v n 
such that Xtij = X\{X)vi. Using the results (jSj) and (ITO]) of the previous lemma, we obtain 

m m m m m m 

E >i(X + Y)>Y, vj(X + Y)vi = J2 >iW + E > E A tW + E *ifi-*( y )- 

i=l i=l i=l i=l i=l i=l 

Note that the left hand inequality in ( JTTj) also follows from |1] Equation (III. 13)]. 

The upper and lower inequalities in (j!2p follow from ( ITT]) by setting X = — V and V = — U 
and applying the identities Xj(-U) = -X l n+1 _ t (U) and Af(-V) = -Xi^^V). □ 



2.2 Conversion of the adjacency matrix A into the zero matrix 

Recall that G is colorable with c colors if there exists a map $ : V = {1, . . . ,n} — > C = 
{l,...,c} such that au = 1 implies ^ for all e V. In words, the graph can 
be colored with c colors if it is possible to assign at most c different colors to its vertices 
such that any two adjacent vertices receive different colors. The chromatic number x is the 
minimum number of colors required to color the graph. 

The following theorem was proved by Wocjan and Elphick [T4"] . 

Theorem 2.3 (Conversion of adjacency matrix). Assume that there exists a coloring of G 
with c colors. Then, there exist c diagonal unitary matrices U\, . . . , U c whose entries are cth 
roots of unity such that 

c 

E U ^ AU * = °- ( 14 ) 

8=1 

Without loss of generality we may assume that U c is the identity matrix. We obtain the 
following corollary. 

Corollary 2.4. Assume that there exists a coloring ofG with c colors. Let A be the adjacency 
matrix of G and D an arbitrary diagonal matrix. Then, we have 

X 1 + ^37^) -< ^(D - A). (15) 
Proof. Theorem 12.31 implies that 

c 

J2ul(D-A)U s = cD 

8=1 
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since U s DUj = DU s Ul = D holds because the diagonal matrices U s and D commute and 
U S U\ = I for all s. We may assume without loss of generality that the last matrix U c is 
equal to the identity matrix, which leads to the matrix equation 

J2ul(D-A)U s = (c-l)D + A. 

s=l 

We obtain the desired statement by dividing both sides by (c — 1) and then applying the 
majorization inequality f fl3|) . We also use that conjugation by a unitary matrix does not 
change the spectrum of a self-adjoint matrix. □ 

Note that the above result contains 

Aj (d + ^—[ A ^} < X \( D - A ) 

as the special case, which was proved by Nikiforov in [T2"| Theorem 1] using entirely different 
techniques. 

We now strengthen the statement of Theorem 12.31 We show that the parameter c with 
c> x can be replaced by d with d > where £' is the normalized orthogonal rank of G. 

Orthogonal representations of graphs have been investigated in [3j [7] in the study of 
the quantum chromatic number. A c/-dimensional orthogonal representation of G is a map 
^ : V — > C d , mapping vertices to d- dimensional column vectors such that = 1 implies 
(9k, ^i) — for k,£ G V, where (^fc, tyg) = ^f^e denotes the inner product between these 
two column vectors. 

The orthogonal rank of G, denoted by £, is the minimum d such that there exists an 
orthogonal representation of G in C d . Furthermore, let £' be the smallest d such that G 
has an orthogonal representation in the vector space C d with the added restriction that 
the entries of each vector must have modulus one We refer to these representations as 
normalized orthogonal representations and to £' as the normalized orthogonal rank. 

It can be shown that £' < x an d that there are graphs whose normalized orthogonal rank 
is strictly smaller than their chromatic number [HJ Subsection 2.4]. 

In the following it is convenient to assume that all the vectors of an orthogonal represen- 
tation have length d. 

Lemma 2.5. Let Ui, . . . , be a collection of diagonal unitary matrices of size n and use 
the notation 

U s = diag(«i iS , . . . , u nj8 ) for s = 1, . . . ,d (16) 

to denote the diagonal entries of the matrices U s . 
Then, we have 

d d 

UjU s = 1 and U s AU l = ( 17 ) 

s=l s=l 
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if and only if the vectors 

= (ttfc.i, • • • ,Uk,d) T fork = l,...,n 
form a normalized orthogonal representation of the graph with adjacency matrix A. 
Proof. The entry on the left hand side of (ITT)) in the kth row and £th column is equal to 

d 



) J Uk, s U£, s a k/ = (* fe , a k/ , 



s=l 



where equality follows from the definition of the vectors □ 

This discussion demonstrates that the lower bounds on the chromatic number are in fact 
lower bounds on the normalized orthogonal rank. 

Remark 2.6. Note that if we use vectors of an orthogonal representation that is not nor- 
malized, then we also obtain d > £ diagonal matrices Di, . . . , satisfying the following two 
properties: 

d d 

D\D S = 1 and ^ D s AD l = 0. 

8=1 8=1 

In contrast, we may not assume without loss of generality that one of these matrices is equal 
to the identity matrix and, thus, we cannot convert A to —A. The latter is necessary in 
order to prove lower bounds on the orthogonal rank with majorization techniques. 

3 Proof of the new hybrid bound 

Proof. First, we apply Corollary 12.41 to the matrix L = D — A and obtain 

+ -^—{ A J -< xi ( D ~ A ) = xi (L), 



which implies the inequalities 



i=l i=l v 



for all m = 1, . . . , n. 
Second, we rewrite 



1 y — 2 

D H A—(D + A)-pA — Q-pA where p = - . (19) 

X ~ 1 ' X - 1 
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Third, we apply the left hand inequality in (fTTj) in Lemma 12.21 with X = Q and Y = —pA, 
which results in the inequalities 

m mm 

E At (Q - P A) >J2^(Q)+pJ2 (20) 

i=l i=l i=l 

Finally, combining ([TH]), and ([20]) and applying the identities A^ +1 _ i (-A) = -Xf(A) to 
the rightmost sum in (T2Q|) we obtain 

mm m 

5>|(L)>5>|(Q)-p5>i(A). 

i=l i=l i=l 



This inequality is equivalent to the bound in ([5]) in Theorem 11.11 

The bound in (J6j) in Theorem 11.11 is proved similarly. For the sake of completeness we 
spell out all the steps. 

First, we apply Corollary 12.41 to the matrix Q = D + A and obtain 

\ l \D - ^—[Aj -< \\D + A) = \±(Q), 

which implies the inequalities 

m m / 1 \ 

E A V*W) < E A V* [d- —j a) 

i=l i=l V A 1 / 

for all m — 1, . . . , n. 
Second, we rewrite 



(21) 



1 y - 2 
D A = (D - A) +pA = L + pA where p = . (22) 

X - 1 X - 1 

Third, we apply the left hand inequality in f fl2|) in Lemma 12.21 with U = pA and V — L, 
which results in the inequalities 

m mm 

E A "+i- ( L + ^) < E A i+i-i(£) + p E A t(^) ( 23 ) 

i=l i=l i=l 

Finally, combining ( )2T|) . (|22|) and ( 123|) we obtain 

mm m 

E A i+i-^) < E A ^( L )+pE A t(^)- 

i=l i=l i=l 

This inequality is equivalent to the bound in ([6]) in Theorem 11.11 □ 



Remark 3.1. Let D be an arbitrary diagonal matrix. Then, we obtain valid bounds on 
the chromatic number by replacing the Laplacian L and signless Laplacian Q by the modified 
Laplacian L = D—A and signless Laplacian Q = D+A, respectively. A further generalization 
is possible by considering weighted adjacency matrices W * A (where * denotes the Schur 
product) for arbitrary self-adjoint matrices W and arbitrary diagonal matrices D. 

Proof. We now give a simple proof of the Lima, Oliveira, Abreu and Nikiforov bound in (J7J). 
Using the conversion technique, the identity D — Q = —A, and the invariance of the diagonal 
entries under conjugation by the diagonal unitary matrices U s we obtain 

c— 1 c— 1 c— 1 

A = J2u s (-A)Ut = Y, u s(D - Q)U\ = (c — 1)D -^U s QUl 

s=l s=l s=l 

Define the column vector v = -^(1, 1, ■ ■ ■ , 1) T - We multiply the left and right most sides of 
the above matrix equation by v* from the left and by v from the right and obtain 

c— 1 

fUl = JAv = (c-l)—-Y v^U s QUiv <(c-l)—-(c- l)5 n . 

s=l 

We have used here that v'Av = v^Dv = 2m/ n, which is equal to the sum of all entries 
of respectively A and D divided by n due to the special form of v, and w'U s QUjw > 
X m m(U s QUl) = S n holds for arbitrary unit vectors w due to (ITDjl in Lemma I2TT1 and due to 
the invariance of the spectrum of Q under conjugation by the unitary U s . □ 



4 Performance of the bounds 

We can derive several known bounds from Theorem II. II by using various properties of Lapla- 
cian and signless Laplacian eigenvalues, which are for example proved in section 3.9 of 
Brouwer and Haemers [2]. In particular we use that Si > 2/ij and 9\ < n for all graphs. 
For example: 

ui Si S\ iii 

x>i + ^ — — > 1 + - > 1 + — ^>i + 



Hi — Si + 9i 26>i — Si In — Si n — [Ai 

The second bound in this chain is inequality 3.17 in Kolotilina [10]; the third bound is due 
Hansen and Lucas [B|; and the fourth bound is due to Cvetkovic Similarly: 

X>1 + ^r>l + ^^>l< * 



Hi - Si + 9i 9i — H\ n — fii 

The second bound in this chain is due to Nikiforov [T2] . 

Wilf [13] proved that Cvetkovic's bound is in fact a lower bound for the clique number 
and recently He, Jin and Zhang [8j and de Abreu and Nikiforov (in a paper entitled "Clique 
number and the signless Laplacian" which has been submitted for publication) proved that 
Hansen and Lucas's bound is also a lower bound for the clique number. 

Theorem 11.11 and the Hoffman bound are, of course, not lower bounds for the clique 
number as evidenced for example by the triangle-free Grotzsch graph. 
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4.1 Extremal graphs 

The bounds in Theorem 11.11 are exact for complete graphs and for complete regular multi- 
partite graphs. They are also exact for all bipartite graphs, because the spectra of L and Q 
are identical for all bipartite graphs and because Desai and Rao [5] have proved that S n = 
if and only if a graph has a bipartite component. The bounds in Theorem 11.11 (with m — 1) 
are equal to Hoffman's bound for regular graphs, and therefore these bounds are exact for all 
regular graphs for which Hoffman's bound is exact. A coloring for which Hoffman's bound 
is exact is called a Hoffman coloring (see section 3.6 of [2]). 

4.2 Named graphs 

The Wolfram function GraphData[n] generates parameters for named graphs on n vertices. 
It is useful to compare four lower bounds for the chromatic number: 

• the Hoffman bound in (JTJ 

• the generalization of the Hoffman bound in Wocjan and Elphick [T3] with m > 2 

• Theorem 11.11 with m = 1 

• Theorem 11.11 with m > 2. 

We have examined Wolfram's named graphs on 16, 25 and 28 vertices. Based on this 
limited sample, the results follows. 

For all regular graphs, Theorem 1 1 . 1 1 equals the Hoffman bound and for most regular graphs 
this bound is not improved by setting m > 2 in either Theorem 11.11 or the generalization of 
Hoffman. There are, however, exceptions. For example, for Circulant(16, (1,7,8)), bound 
(EJ) with m = 1 and Hoffman equal 2.7; but bound (JHJ) with m = 3 and the generalization of 
Hoffman in Wocjan and Elphick [H] with m = 3 equals 2.9. The chromatic number of this 
graph is 4. 

For irregular graphs, the position is more diverse. There are graphs for which all four 
bounds are best, with the Hoffman bound being best most frequently. For example, the 
NoPerf ectMatchingGraph on 16 vertices has Hoffman equal to 2.5; bound fl5]) with m = 1 
equal to 2.7; Hoffman with m = 3 equals 2.8; and bound (jSJ) with m = 3 equal to 2.9. The 
chromatic number of this graph is 4. Barbell(8) has Hoffman equal to 4.8 but bound ([6]) 
with m = 1 equal to 7.3. Sun(8) has Hoffman equal to 4.1 but bound (JSJ) with m = 1 equal 
to 5.5. 

4.3 Random Graphs 

The Wolfram function RandomGraph [n , p] generates a random graph G U)P on n vertices 
with each edge being present with independent probability p. Eigenvalues are found using 
the function Spectrum, provided the Wolfram package "Combinatorica" has been loaded. 
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Theorem 11.11 with m > 2 almost never exceeds Theorem 11.11 with m = 1 for random graphs, 
because for almost all random graphs \i\ 

Tabulated below is the performance of bounds ((3]) and (jlj) against the Hoffman bound for 
each combination of n = 20 and 50 and p = 0.5, 0.7 and 0.9, in each case averaged over 15 
graphs. We have included a comparison with the Bollobas result that the chromatic number 
of almost every random graph G n>p is: 

g = (l/2 + o(l))n/log 6 (n), 

where b = 1/(1 — p). 



n 


p 


Hoffman 


Bound © 


Bound (HD 


Bollobas 


20 


0.5 


3.5 


3.1 


2.7 


2.3 


20 


0.7 


4.4 


4.1 


3.3 


4.0 


20 


0.9 


6.5 


7.8 


4.7 


7.7 


50 


0.5 


4.6 


4.0 


3.4 


4.4 


50 


0.7 


6.2 


5.3 


4.5 


7.7 


50 


0.9 


10.1 


9.9 


6.6 


14.7 



It can be seen that for n = 20 all bounds exceed the Bollobas formula for varying levels 
of p, because for low levels of n the o(l) term is material. The main conclusion is that bound 
d3]) outperforms the Hoffman bound for smaller, denser random graphs. On average, bound 
(BJ is consistently less good than bound (131), but for individual graphs bound (J3J sometimes 
exceeds bound Q. Bounds (J3j) and (jlj) are sometimes better and sometimes worse than the 
conjectured lower bound in Wocjan and Elphick [T4], which involves the sum of the squares 
of the eigenvalues of the adjacency matrix. 

5 Conclusions 

In this paper and in Wocjan and Elphick [14], we have demonstrated how lower bounds for 
the chromatic number can often be generalized to encompass all eigenvalues, which for some 
graphs improves their performance. 

We have also discussed lower bounds for the clique number which are not lower bounds 
for the chromatic number. These bounds cannot be generalized in an equivalent way, because 
for example, the bound due to He et al [8] would monotonically increase to n/(n — m). 

The proof of Theorem 11.11 is straightforward because of the power of combining The- 
orem 12.31 with majorization, and because the proof uses graph matrices rather than the 
eigenvectors of these matrices. 

Our proof that the minimum number of diagonal unitary matrices that can be used to 
convert the adjacency matrix into the zero matrix is the normalized orthogonal rank, may 
enable results to be proved about the normalized orthogonal rank that could not be proved 
about the chromatic number. 
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